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-It Is wide-spread opinion

the use of any positive homogeneous
and translation invariant risk measure
reduces to the same portfolio
management as mean-variance risk
measure does, which Is equivalent to
Markowitz portfolio

-We show that generally speaking
It IS not true, because these measures
reduce to a different optimization problem.
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-We provide the explicit closed form
solution of this problem

-The results will be demonstrated with
the data of stocks from NASDAQ/Computer.
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Translation invariant and
positive
homogeneous risk measures

1) p(X+a)=p(X)+a, a-—const

2) p(cX)=cp(X), c>0-const



Examples BASEL Il
Y p(X) =VaR, (X)

=inf{x | F, (x) > q}
Expected Short Fall

p(X) = ES,(X)
= E(X | X >VaR (X))

Taill VaR, Tall conditional expectation (TCE)
Conditional VaR (CVaR)



Y| y= F(x)=1-F(x)

1-qf
VaR, (X ( )/IF(x)dx

(1-9)ES,(X) =X, jF(x)dx

X
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Panjer and Jing (2001) H urlimann (2001)

L. and Valdez (2003, 2005)



STD-premium
o(X)=E(X)+ASTD(X)

Distorted risk measures

p(X) = 9(F()dx,

Denneberg (1994) and Wang (1996)

Coherent risk measures
Artzner, Delbean, Eber, and Heath (1999)



Taill SDP Furman and Landsman (2006)

p(X)=E(X | X >VaR (X)) +aV (X | X >VaR,(X))

Taill VaR
Tail Variance

Tail Expectation

9



Adventures in Risk L ‘

ES, (X)
=arginf E((X -¢)*| X >VaR, (X))

V(X |X >VaR, (X))
= inf E((X —c)* | X >VaR, (X))
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Portfolio management

(Xgoee X,)T 0N, (1,3)

X
|
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p(P)=p(X'X) = p(x" X — ' x+ p'x)
= p(X' X = ' X)+ ' X

[ XX —u'X

= [ X+p

_JVaR(x"X)

JWVaR(x"X)

VN
ﬁ_ T X—u X

= u'X +p(Z)\/XTZx — inf
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(VaR(x"X)

\

J

JVaRr(x"X)




Translation invariant and positive
homogeneous risk measure
reduces to minimization

of linear plus root of quadratic functional

f(X)= 1'X+ AVX IX — inf

— 7, < infVaR, (P)
A +ES,(Z) < inf ES, (P).

Any translation invariant and positive
,0( )_ homogeneous risk measure



Classical mean - variance optimization

g(x) = E(P)+ AVar(P)= u' x+ Ax'=x — in
linear + quadratic functional

subject to
1'x =1
Exact solution (see Boyle et.al (1998))
LT 1’z \

| >1-T 7'

X = — -
1’271 22(1'271 )
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Minimization of linear plus root
of quadratic functional

We found the explicit closed form
solution for

minimization problem under system of
equality constraints (L(2007))

f (X)= "X+ ANX =X — inf
BXx=cC

B=matrix mxn, cC-vector
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The special case for only one constraint
m=1

f (X)= "X+ ANX =X — inf

1'x=1
( h
2, O
X=| 7 ,
\ Gnn/

2., —(n=1)x(n-1)



Define (n-1)x(n-1)  matrix
Q — 211 _1161- _011 T Gnnllll-
Lemma X>0—= Q>0.

A=y = ooy = Hoy)'

Theorem 1. L (2007a). If

2> ATQ7A,
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the minimization problem has
the finite exact solution

> 1

X =——+
171 J(A2-ATQA)(1" =)

(AT Q_l, _1'1I' Q—lA)T

3. Value-at-Risk and-Expected Short Fall
= ESq (Z) :VaRq (Z)

= j (1-F(x))dX >VvaR (2)=7Z,.

d- 0 VaR, (Z)




Theorem 2

If VaR-optimal portfolio solution is finite,
the ES-optimal portfolio solution
IS automatically finite

Consider a portfolio of 10 stocks
from NASDAQ/Computers

Table 1: Portfolic mean return

Stock ADOBE Compuware NVIDIA Staples VeriSign
NMean 0.0061 -0.0081 -0.0096¢  0.0058 0.00604

Stock Sandisk Microseft Citrix  Intwit Symantec
Mean -0.0198 0.0002 -0.0032  -0.0041  0.0061

1¢
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ADOEE

Compuware

NVIDIA
Staples
VeriSign

sSandisk
hicrosoft

Citrix
Imtuit

Symantec

Institute of Actuaries of Australia

Table 2: Portfolio covariance return

ADOBE
0006102
0.001173
0000115
0.000313
0.000121

sandisk
0004013

-0.000033

0.000224
00001351
0.000053

Compuware

0.001173
0.003310
0001047
0.000495
0000247

NVIDIA
0000115
0.001047
0.002145
0.000122
0000772

Staples

0.000313
0.000493
0.000122
0.0025840

-0.000547

VeriSign
0.000121
0.000E47
0.00077
-0.000547
0003426

Microsott
-0.000033
0.000455
0.000220
0.000167
0.000062

Crtrix

0.000544
0.000220
0.001365
0.000397
0.000445

Intuit

0.000131
0.000167
0000397
0000576
0000027

Symantec
000003
0000062
0000445
0.000027
0.002542



The loss on the portfolio
L=-R=-> x,X,,
j=1

T T
VaR, (L) = —u" X+, VX X

> Inf

x' 1=1

T T -
ES, (L) =—p X+ A VX ZX ———>inf

=1

From Theorem 1: Lower bound for solution

B =ATQ A =0.2142
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XN, (4,2)

VaR optimal portfolio finite  q > 0.585

ES optimal portfolio finite q>0.112
g=0.8

Table 3: Optimal porttoho

ADOBE Compuware NVIDIA Staples VeriSign

mmmVaR -00173 -0.024 0.0996 -0.1141 -0.1337

minTCE 0.0148 -0.0191 0.0601 -0.0305 -0.0667
Sandisk Microsott Citrix Intuit Symantec

minVaR 02192 04242 -0.0037 04133 0.081

minTCE  0.135 0.4993 -0.0071 03161 0.088



Table 4: Main characteristics for VaR and ES optimal portfohios

VaR TCE Variance Nlean
minVaR 001109 00236 000052 000827
minTCE 001162 0.022 0.00035 0.0042

Lo .
o ] Micrpsoft

< .
o ] 000 - minVaR

- minES

Weights

23 2 4 6 8 10

Companies



Closeness between
VaR and ES optimal portfolios

Distance between portfolios
argminVaR, (L), argminES (L) e R’
1" x 1" x
d=

\/ (arg rg ixn VaR, (L) —arg r?ixn ES, (L))" (arg r?ixn VaR, (L) —arg r?ixn ES, (L))

Denote

C=(1" 2—11)—1/2\/ATQ—2A N (1IQ_1A)2
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Theorem 3
d= [(zj —B?) ™ — (ﬂqz -B)™"*IC -0,

qg—1

Boundary
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Elliptical family

density generator

gn(u) — eXp(—U) i Nn(,u,Z)
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Property

BX +c ~E_(Bu+c,BIB",g )
guarantees

(X" X) :ﬂTx+/1\/xTZx
A=p(Z), Z~E(01g)
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g, (u)=(1+ u/kwj_IO It (1,2, p)

Multivariate Generalized t-distribution (GST)

f(x)_ 7 x+/1x/x 2X —> Inf

T0t,(0,1,p,) T = VaR —optimal

ES, (T)= ES —optimal
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g-boundary
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Figure 1.

Lower boundary of

VaR and ES g- probabillity level for GST .
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Closeness between
VaR and ES optimal portfolios

Figure 2. VaR and ES optimal portfolios for Norm.

Weights

Lo

000 - minVaR

- minES

Micrpsoft




Distance between portfolios
argminVaR, (L), argminES (L) € R’
1" x 1" x

d:

\/ (arg r?ixn VaR, (L) —arg r?ixn ES, (L))" (arg r?ixn VaR, (L) —arg r?ixn ES, (L))

Denote
6, =A,— 2, =ES (Z)—VaR, (Z)

C=(1" 2—11)—1/2\/ATQ—2A N (1IQ_1A)2
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Theorem 4 XOE,(%2,9,).

1) d =[(z2-B?) Y2 - (42 -B?)?]C »0,q > 1

) Lot -2 1100GZ)
dx "
1 1 1 21 -3 21 -3
i 2 g e e
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3) If X0t (mZ:p.k,, ),
| =2p, p,=p—(n-1)/2, and

d = 1 [( 1 1 (pl 1) (aq_pl_g/i')
\/ZZ B° 2p1 1 2(p1 1/2) (pl_l)
p,—3/4,,
O _
+0((e, 0 )))]

4) If X[ N, (,u, ),I =0, and
1a +O(a§)]C

1
N
Zq—




Figure 3. Distance and it's approximation;
GST with power parameter p=1.6

o o
. - approximation

0 0 0 0 - distance

distance
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Figure 4. Changing distance with
Increasing of power parameter p of GST

o

distance

— —

distance
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Conclusion

-Problem of minimization of translation
iInvariant and positive homogeneous
risk measures has exact close form
solution

-This solution can be easy realized and
used for analyzing the influence of
parameters of underlying distribution on
the portfolio selecting
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-The solution Is different with that of
mean-variance except the
case when the portfolio’s
expected mean Is certain
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